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Novel intrinsic two-dimensional materials have attracted many researchers’ attention. The unusual
transport and optical properties of these materials originate mainly from triangular lattices (TLs).
Therefore, the application of energy harvesting calls for a study of the thermoelectric properties of
2D TLs coupled to electrodes. The transmission coefficient of 2D TLs is calculated by using the
Green’s function technique to treat ballistic transports. Especially important among our findings
is the electron-hole asymmetric behavior of the power factor (PF ). Specifically, the maximum PF
of electrons is significantly larger than that of holes. At room temperature, the maximum PF of
electrons is dictated by the position of the chemical potential of electrodes near the band edge of
TLs. The enhancement of PF with increasing electronic states results from the enhancement of
electrical conductance and constant Seebeck coefficient. When the band gap is ten times larger
than the thermal energy, it is appropriate to make one-band model predictions for thermoelectric
optimization.
I. INTRODUCTION
Designing a thermoelectric material with a high fig-
ure of merit (ZT ) and optimized power output has been
under intensive pursuit in energy harvesting applications
[1-4].The dimensionless figure of merit ZT = S2GeT/κ
depend on the Seeback coefficient (S), electrical conduc-
tance (Ge) and thermal conductance (κ) of the material.
Thermoelectric materials with a delta-function transmis-
sion coefficient show impressive ZT values[1]. This in-
spires one to study the thermoelectric properties of in-
dividual quantum dot (QD) systems[2,5-7]. However,
such QD systems yield low electrical power outputs. An-
other approach to increasing ZT is to reduce the thermal
conductance of thermoelectric materials[3],[8] -10]. Al-
though the ZT value of 3D QD superlattices can reach
a remarkable value of two[10], it is difficult to raise it
to larger than three. Two dimensional systems offer
high potential to achieve ZT > 3 due to their reduced
phonon thermal conductance (κph).[3] If a material is
found with ZT ≥ 3, thermoelectric refrigerators will be-
come competitive against conventional compressor-based
systems[12]. Moreover, QD superlattice systems suffer
from the problem of size and position fluctuation, which
seriously reduces the Ge and ZT of QD arrays[11]. Solv-
ing these problems is critical for the applications of ther-
moelectric devices consisting of QD solid crystals[12].
Intrinsic two-dimensional materials (ITDMs) such as
2D transition metal dichalcogenides (TMDCs) and oxides
(TMOs) have attracted much attention due to their sta-
ble structures and widely tunable electronic band struc-
tures by using external forces such as electric field and
strain [13-15]. In addition, the thermal conductivity of
ITDMs is much smaller than that of their correspond-
ing bulk materials [16-18]. Although the thermoelectric
properties of ITDMs have been theoretically studied us-
ing the first-principle method [19-23], the contact and
size effects on the electron transport of their heterostruc-
tures are still unclear [24]. Because the unusual transport
and optical properties of ITDMs originate mainly from
the triangular (hexagonal) lattices (TLs) [25-28], their
potential application to micro power generators and re-
frigerators calls for an investigation of the thermoelectric
properties of finite 2D TLs coupled to electrodes as shown
in Fig. 1. A finite 2D TMDC also plays an important
role in building quantum registers and nanoscale transis-
tors [29-32]. This study has several important findings:
(a) the power factor (PF ) shows an electron-hole asym-
metric behavior, (b) the maximum PF of the electrons
is significantly larger than that of the holes, and (c) the
maximum PF of electrons at room temperature occurs
at the position of the chemical potential of electrodes
near the band edge of TLs. Moreover, we also reveal the
contact, size, and geometry effects on the thermoelectric
properties of TLs in the ballistic transport process. These
conclusions are meaningful insights for further improve-
ment of the performance of micro thermoelectric devices
consisting of intrinsic 2D materials.
II. FORMALISM
To model the thermoelectric properties of a finite 2D
TL connected to the electrodes, the Hamiltonian of the
system shown in Fig. 1 is given by H = H0 +HQD,[33]
where
H0 =
∑
k,σ
ǫka
†
k,σak,σ +
∑
k,σ
ǫkb
†
k,σbk,σ (1)
+
Ny∑
ℓ
∑
k,σ
V Lk,ℓ,jd
†
ℓ,j,σak,σ +
Ny∑
ℓ
∑
k,σ
V Rk,ℓ,jd
†
ℓ,j,σbk,σ +H.c.
The first two terms of Eq. (1) describe the free electron
gas in the left and right electrodes. a†k,σ (b
†
k,σ) creates
an electron of momentum k and spin σ with energy ǫk
in the left (right) electrode. V Lk,ℓ,j (V
R
k,ℓ,j) describes the
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FIG. 1: (a) Schematic diagram of finite two dimensional tri-
angular lattices (2D TLs) coupled to electrodes. ΓL (ΓR)
denotes the tunneling rate of the electrons between the left
(right) electrode and the leftmost (rightmost) lattices. tx and
tc are the nearest neighbor hopping parameters along the x
and±π/3, respectively. (b) Transmission spectra of finite TLs
coupled to electrodes with different equilibrium temperatures
(TL and TR).
coupling between the left (right) lead with its adjacent
lattice in the ℓth row, which counts only for odd rows.
HQD =
∑
ℓ,j,σ
Eℓ,jd
†
ℓ,j,σdℓ,j,σ (2)
+
∑
σ
Ny∑
ℓ1,ℓ2
Nx∑
j1,j2
tℓ1,ℓ2,j1,j2d
†
ℓ1,j1,σdℓ2,j2,σ +H.c,
tℓ1,ℓ2,j1,j2 = { −tc if |ℓ1− ℓ2| = 1, |j1− j2| = 1−tx if |ℓ1− ℓ2| = 0, |j1− j2| = 2 , (3)
where Eℓ,j is the atomic energy level of lattice in the
TLs. For simplicity, we have considered one orbit for
each atom. The spin-independent tℓ1,ℓ2,j1,j2 describes the
electron hopping strength between the lattices, which fol-
lows the regulation of Eq. (3). d†ℓ1,j1,σ(dℓ2,j2,σ) creates
(destroys) one electron in the lattice at the ℓth row and
jth column.
To study the transport properties of a finite TL junc-
tion connected to electrodes, it is convenient to use the
Keldysh-Green’s function technique[33]. Electron and
heat currents leaving electrodes can be expressed as
J =
2e
h
∫
dε TLR(ε)[fL(ε)− fR(ε)], (4)
and
Qe,L(R) (5)
=
±2
h
∫
dε TLR(ε)(ε− µL(R))[fL(ε)− fR(ε)]
where fα(ε) = 1/{exp[(ε − µα)/kBTα] + 1} denotes the
Fermi distribution function for the α-th electrode, where
µα and Tα are the chemical potential and the temper-
ature of the α electrode. e, h, and kB denote the
electron charge, the Planck’s constant, and the Boltz-
mann constant, in that order. TLR(ε) denotes the trans-
mission coefficient of a finite TL connected to elec-
trodes, which can be solved by the formula TLR(ε) =
4Tr[ΓˆLGˆ
r
D,A(ε)ΓˆRGˆ
a
D,A(ε)], where the matrix of tunnel-
ing rates (ΓˆL and ΓˆR) and Green’s functions (Gˆ
r
D,A(ε)
and GˆaD,A(ε)) are constructed by fortran coding. Note
that tunneling rates (ΓL(R),ℓ,j(ε) = 2π
∑
k |V L(R)k,ℓ,j |2δ(ε−
εk) = Γt,ℓ,j) are assumed as energy-independent physical
parameters for simplicity’s sake.[34]
The electrical conductance (Ge), Seebeck coefficient
(S) and electron thermal conductance (κe) can be eval-
uated by using Eqs. (4) and (5) with a small applied
bias ∆V = (µL − µR)/e and cross-junction temperature
difference ∆T = TL − TR. We arrived at these thermo-
electric coefficients: Ge = e
2L0, S = −L1/(eTL0) and
κe =
1
T (L2 − L21/L0). Ln is given by
Ln = 2
h
∫
dε TLR(ε)(ε− µ)n(−∂f(ε)
∂ε
), (6)
where f(ε) = 1/(exp(ε−µ)/kBT +1) is the Fermi distribu-
tion function of electrodes at equilibrium temperature T
and chemical potential µ.
III. RESULTS AND DISCUSSION
Although the density of states (DOS) of triangular lat-
tices has been studied since very early on, there is hardly
any literature about the calculation of transmission co-
efficients of a small-scale 2D TL [35]. Using the Green’s
function techniques, we calculate TLR(ε) in Fig. 2 as
functions of ε for three configurations (different sets of tx
and tc) at ΓL(R),ℓ,j = Γt = 1Γ0 and Nx = Ny = N = 19.
The inhomogenous spectra of TLR(ε) show not only the
distribution of electronic states but also the probability
of the electrons in the electrodes tunneling through these
states. The density of electronic states for a negative
regime (ε − E0 < 0) is higher than that of a positive
regime (ε − E0 > 0). This is consistent with the DOS
of TL.[35] The distribution range of electronic states can
be explained by an anisotropic electron dispersion rela-
tion E(ε) = E0−2tx(cos(kx)+2γcos(kx/2)cos(
√
3ky/2)),
where γ = tc/tx and E0 denotes the atomic energy level.
kx and ky are dimensionless wave numbers, which de-
pend on Nx and Ny. The lower band edge (LBE) and
upper band edge (UBE) are, respectively, −2tx(1+γ2/2)
and 2tx(1 + 2γ) when γ = tc/tx ≤ 2. LBE is re-
placed by −2tx(2γ − 1) as γ > 2. For example, we
have LBE = −36 Γ0, UBE = 72 Γ0 and band width
BW = 108 Γ0 in Fig. 2(a). All physical parameters
are in units of Γ0. According to Ref.[1], highly efficient
thermoelectric materials prefer TLR(ε) with a delta func-
tion distribution (or BWkBT ≤ 1). This study will focus on
the situation of BWkBT ≫ 1, because this is an essential
condition of TMDC materials at room temperature.
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FIG. 2: Transmission coefficient TLR(ε) as functions of ε for
different sets of tx and tc at ΓL(R),ℓ,j = Γt = 1 Γ0 and
Nx = Ny = N = 19. Diagrams (a), (b) and (c) corre-
spond, respectively, to configurations described by tx = 12Γ0
(tc = 12Γ0), tx = 6Γ0 (tc = 12Γ0), and tx = 12Γ0 (tc = 6Γ0).
We set E0 = 0 throughout this article.
Next, we examine the thermoelectric properties of TLs
with the three aforementioned configurations. In Fig. 3
we calculate Ge, S and power factor (PF = S
2Ge) as
functions of chemical potential (µ) for different TLR(ε)
configurations at kBT = 2.5Γ0 and kBT = 5Γ0, respec-
tively. Each curve of Ge at a finite temperature has two
components resulting from the resonant tunneling pro-
cedure (RTP) and thermionic-assisted tunneling proce-
dure (TATP), respectively (see Fig. 6(d)). When the
position of µ is within the band regime, RTP (TATP)
dominates the electron transport between the electrodes
at low (high) temperatures. On the other hand, TATP
fully dominates the electron transport, when the position
of µ is outside the band regime. In Fig. 3(b) and 3(e),
Seebeck coefficient is highly suppressed in the conducting
regime, while significant S values appear in the insulat-
ing regime. We introduce the picture of hole-transport
to describe a positive Seebeck coefficient. Holes are the
empty electronic states below µ. The maximum PF is
given by the configuration shown in Fig. 2(c) and there
exists an asymmetrical electron-hole power factor, as seen
in Fig. 3(c) and 3(f). Since PFmax,e is larger than
PFmax,h, PF prefers the electronic states of TLs above
the chemical potential. We note that the positions of µ
corresponding to PFmax,e values are different at different
temperatures. They are µ = −26Γ0 and µ = −28Γ0 for
kBT = 2.5Γ0 and kBT = 5Γ0, respectively. The position
of the chemical potential appears at the left side of LBE
for kBT = 5Γ0. This indicates that PFmax,e prefers µ far
away from the band center E0 at high temperatures. Al-
though electron hopping strengths of TLs can be changed
by electric fields[13-15], we will only focus on tx = tc con-
figuration in the following discussion.
To clarify the contact effect between the electrodes and
the TLs, we have calculated TLR(ε) for different tunnel-
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FIG. 3: (a) Electrical conductance Ge, (b) Seebeck coefficient
S and (c) power factor PF as functions of µ for different con-
figurations shown in Fig. 2 at kBT = 2.5Γ0. P0 =
2k2B
h
. The
curves of (d),(e) and (f) are calculated at kBT = 5Γ0. Other
physical parameters are the same as those of Fig. 2. The units
of kB/e and P0 are 86.25µV/K and 0.58pW/K
2,respectively.
ing rate values (Γt) at tx = tc = 6Γ0 in Fig. 4(a). TLR(ε)
is distributed between LBE = −18Γ0 and UBE = 36 Γ0.
A large enhancement of TLR(ε) is observed as Γt in-
creases. Nevertheless, such an enhancement exists only
for positive ε when we further increases tunneling rate
up to Γt = 12Γ0. To examine contact effect on thermo-
electric coefficients, we have calculated Ge, S and PF in
Fig. 4(b)-4(d) as functions of µ at kBT = 2.5Γ0. The
maximum Ge occurs at µ = −5,−1 and 2Γ0 for Γt = 1, 6
and 12Γ0, respectively. S is vanishingly small when Ge
reaches a maximum value. UnlikeGe, S is not sensitive to
the variation of Γt. As a consequence, the trend of power
factor with respect to Γt is same as the trend of Ge. How-
ever, PFmax,e occurs at Γt = 6Γ0 but not Γt = 12Γ0. On
the other hand, PFmax,h occurs at Γt = 12Γ0. It is worth
noting that PFmax,e (PFmax,h) is given by µ = −16Γ0
(µ = 33Γ0),), which approaches the LBE (UBE). The re-
sults in Fig. 4 show that the optimization of PF largely
depends on the contact properties.
To reveal the size effect of TLs, we have calculated Ge,
S, and PF in Fig. 5 as functions of µ for different N val-
ues at kBT = 2.5Γ0. As seen in Fig. 5(a), Ge increases
with increasing N . It is attributed to the increasing area
of TLR(ε). The enhancement of Ge will unavoidably sup-
press S because S is related to Ge. Nevertheless, we see
that the enhancement of Ge with increasing electronic
states does not suppress S in Fig. 5(b). As a conse-
quence, we observe the enhancement of PF with increas-
ing N in Fig. 5(c). A remarkable thermoelectric device
needs a high efficiency and significant power output. Now
we discuss the dimensionless figure of merit ZT , which is
given by
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FIG. 4: (a) Transmission coefficient as functions of ε for var-
ious tunneling rates at tx = tc = 6 Γ0 and N = 19. (b)
Electrical conductance Ge, (c) Seebeck coefficient S and (d)
power factor PF as functions of µ for different tunneling rates
(Γt) at kBT = 2.5Γ0, tx = tc = 6Γ0 and N = 19.
ZT =
S2GeT
κe + κph
(7)
=
Λ
1− Λ +A,
where Λ = L21/(L0L2), and A = TκphL2 . κph is phonon
thermal conductance. One can find that the largest value
of ZT is given by Λ → 1 and A → 0. Fig. 5(d) shows
the maximum ZTmax = S
2/L0 value as functions of
µ at kBT = 2.5Γ0 in the case of κph = 0 (A = 0).
L0 = κe/(TGe) is the Lorenz number. The maximum
ZT values are ZTLBE = 3.3 and ZTUBE = 2.9 for the
positions of µ at LBE and UBE, respectively. We note
that ZTLBE is greater than three. Although (ZT )max
shows a significant value when µ is far away from the
LBE, its PF becomes vanishingly small. When com-
pared with the band structures of TMDC and TMO ma-
terials calculated by the first-principle method,[19-23] we
estimate Γ0 to be between 5 meV and 15 meV . In this
work, we adopte Γ0 = 10 meV . The maximum PF of
electrons (holes) at room temperature (kBT = 25 meV )
occurs at near the LBE (UBE).
In the previous results, we have focused on a TL with
Nx = Ny condition. Fig. 6 shows the calculated Ge,
S and PF as functions of µ for different Ny values at
kBT = 2.5Γ0 and Nx = 51. Ge increases with increasing
Ny. Nevertheless, Ge does not change if one increases
Nx (Nx > 51) at a fixed Ny value (not shown here).
This implies that the enhancement of Ge with increasing
electronic states is attributed to increasing the contact
area between the electrodes and the TL. As shown in
Fig. 6(b), S does not change when Ge increases with
increasing electronic states. As seen in Fig. 6(c), the
maximum PF of electrons occurs near LBE even though
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FIG. 5: (a) Electrical conductance, (b) Seeback coefficient,
(c) power factor and (d) figure of merit (ZT ) as functions of
µ for various N values at Γt = 12 Γ0 and kBT = 2.5 Γ0.
Other physical parameters are the same as those of Fig.4.
the TL shows a nanoribbon pattern. Because the energy
harvesting of thermoelectric devices is expected to oper-
ate in a wide temperature range, we calculate Ge, S and
PF as functions of temperature for different µ values at
Ny = 7 and Nx = 51 in diagrams (d), (e) and (f), in that
order. For µ = −16Γ0, a finite Ge is mainly contributed
from RTP at low temperatures. When µ = −20Γ0, the
electron transport is dominated by the TATP. As a re-
sult, Ge is numerically significant only at high temper-
atures. S is very sensitive to µ as T → 0. The curve
of µ = −16Γ0 shows the best PF in a wild temperature
range (kBT ≤ 5Γ0), as seen in Fig. 6(d).
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FIG. 6: (a) Electrical conductance Ge, (b) Seeback coefficient
S, and (c) power factor PF as functions of µ for various Ny
values at Nx = 51 and kBT = 2.5 Γ0. Other physical param-
eters are the same as those of Fig. 5. (d), (e) and (f) are,
respectively, Ge, S and PF as functions of temperature for
different µ values at Ny = 7 and Nx = 51.
So far, our discussions are restricted to the one-band
model. The proximity effect between the bands that in-
5fluences the thermoelectric properties of ITDMs should
also be clarified. To address this problem, we consider
that each band has homogenous electronic states and
that TLR(ε) is given by
TLR(ε) =


Ac if ECBM +∆c ≥ ε ≥ ECBM ,
Av if EV BM ≥ ε ≥ EV BM +∆v,
0 otherwise
(8)
ECBM and EV BM denote the conduction band mini-
mum and valence band maximum, respectively. Their
band widths are ∆c and ∆v. Band gap is defined as
Eg = ECBM + |EV BM |. Although Eq. (8) is too simple
to describe the phenomena resulting from the variances
in size, electron hopping strength, contact, and geome-
try,we can obtain a closed-form solution of the Seebeck
coefficient. The analytical forms of Ge = Ge,c+Ge,v and
S = (Sc + Sv)/Ge are
Ge,c = −e
2Ac
2h
(tanh(y1)− tanh(y2)), (9)
Ge,v = −e
2Av
2h
(tanh(z1)− tanh(z2)), (10)
Sc =
ekBAc
h
[(y1 tanh(y1)− log(cosh(y1))) (11)
− (y2 tanh(y2)− log(cosh(y2)))]
and
Sv =
ekBAv
h
[(z1 tanh(z1)− log(cosh(z1))) (12)
− (z2 tanh(z2)− log(cosh(z2)))]
with variables y1 =
ECBM−µ
2kBT
, y2 =
ECBM+∆c−µ
2kBT
,z1 =
EV BM+∆v−µ
2kBT
, and z2 =
EV BM−µ
2kBT
. Using Eqs. (9)-(12),
we have calculated S and PF as functions of µ for two
different temperatures in Fig. 7. To reveal the proximity
effect, two curves considering one-band model (Av = 0)
are also plotted. The second band dramatically changes
the behavior of S, which is vanishingly small near the
center of the band gap. The proximity effect can be ig-
nored if the ratio of Eg/(2kBT ) is greater than ten. This
indicates that the prediction of thermoelectric properties
in a one-band model is valid as long as Eg/(2kBT ) ≥ 10.
Finally, we ask how electron Coulomb interactions influ-
ence the thermoelectric properties of a TL. If the wave
functions of the electrons in each lattice are localized, the
electron Coulomb interactions are strong. Their effects
on electron transport are significant in the scenario of
weak hopping strengths.[7] On the other hand, the wave
functions of the electrons are delocalized in the scenario
of strong hopping strengths to form bands; hence their
weak electron Coulomb interactions can be ignored. Our
study belongs to the latter case.
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FIG. 7: (a) Seebeck coefficient S and (b) power factor PF as
functions of µ for two different temperatures at ∆c = −∆v =
54 Γ0, ECBM = 25 Γ0 and EVBM = −25 Γ0. Two curves
considering one band model (Av = 0) are also plotted.
IV. CONCLUSION
We theoretically studied the thermoelectric proper-
ties of finite 2D TLs coupled to electrodes based on the
framework of the tight-binding model, which does not
need heavily numerical calculations like the first-principle
methods. Electron-hole symmetry breaking appears in
the power factor (PF ). This is attributed to the TLR(ε)
without the inversion symmetry of ε. In a negative S
regime, a steep change in the transmission coefficient
gives rise to a large electrical conductance. This explains
why the maximum PF of electrons is larger than that of
holes. According to Fig. 4, the contact between the elec-
trodes and a 2D TL significantly influences the optimiza-
tion of PF . In particular, the peak of PF for electrons
at room temperature occurs at the position of chemical
potential near the LBE of the 2D TLs. Besides, the en-
hancement of Ge with increasing electronic states will not
suppress S. Such a remarkable thermoelectric property is
very useful for achieving large PF values. Finally, we
have demonstrated that the one-band model prediction
is adequate when the band gap is ten times larger than
kBT .
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